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Abstract: An unavailable semi-analytical non-local 3D solu-
tion for functionally graded nanoshells with constant radii
of curvature is presented. The small length scale effect is
included in Eringen’s nonlocal elasticity theory. The con-
stitutive and equilibrium equations are written in terms of
curvilinear orthogonal coordinates systems which are only
valid for spherical and cylindrical shells, and rectangular
plates. The stresses and displacements are assumed in
terms of the Navier method which is applicable for simply
supported structures. The derivatives in terms of thickness
are approximated by the differential quadraturemethod (DQM).
The thickness domain is discretized by the Chebyshev–Gauss–
Lobatto grid distribution. Lagrange interpolation polynomials
are considered as the basis function for DQM. The correct free
surface boundary condition for out-of-plane stresses is consid-
ered. Several problems of isotropic and functionally graded
shells subjected to different types of loads are analyzed. The
results are compared with other three-dimensional solutions
and higher-order theories. It is important to emphasize that
the radii of curvature are crucial at nanoscale, so it should be
considered in the design of nanodevices.

Keywords: nanoshell, functionally graded material, Eringen’s
nonlocal elasticity theory, equilibrium equations

1 Introduction

Nanotechnology is applied in sensors, actuators, micro- and
nano-electromechanical system, and atomic force microscope,

and its components use different small-scale structures such
as beams, plates, and shells [1]. The nanostructures can be
studied by three different methods: quantum mechanics
approach by solving the Schrödinger equations, molecular
dynamics in which the interaction between atoms andmole-
cules is computer simulated, and non-classical continuum
mechanics (NCCM) [2]. The first two methods described
incurred a higher computational cost compared to NCCM,
so researchers have made valiant efforts and modifications
to classical mechanics theories to incorporate the small-
scale effect of the material and structure. NCCM can be
classified into three different theories which are: strain gra-
dient family, microcontinuum, and nonlocal elastic theories
[1]. The strain gradient family can be divided into modified
strain gradient theory [3,4] and modified couple stress [5,6].
Microcontinuum is classified into micropolar [7,8], micro-
stretch [9], and micromorphic [10]. Nonlocal elastic theories
were developed by Eringen [11–13] and were originally for-
mulated in terms of an integral form and then reformulated
to a differential form by introducing a Laplacian operator.
Scientists have used the differential form of nonlocal the-
ories due to its simplicity and easy extension for beams,
plates, and shells. An extensive review of nonlocal theories
for shells, plates, beam, frames, and rods was provided by
Shariati et al. [14].

A survey on the topic reveals that several researchers
have made a great contribution to the field of nonlocal
theories. For example, Ansari and Rouhi [15] employed a
nonlocal Flugge shell model to study the stability character-
istics of single-walled carbon nanotubes under the action of
axial load. Ritz method with different hyperbolic functions
was utilized for evaluating different boundary conditions.
Kananipour [16] investigated the static analysis of rectan-
gular nanoplates subjected to discontinuous loads and dif-
ferent boundary conditions by differential quadraturemethod
(DQM) in the framework of Kirchhoff and Mindlin plate the-
ories. Srividhya et al. [17] developed a nonlocal nonlinear
analysis of functionally graded plates subjected to static loads.
The model was based on a higher order shear deformation
theory (HSDT) and Von Karman nonlinear strains. Phung-Van
et al. [18] employed a polynomial HSDTwith five unknowns to
study the free vibration and bending analysis of functionally
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graded carbon nano-reinforced composite nanoplates. Isogeo-
metric analysis was employed to approximate the derivatives
of the general equations from a weak-form perspective.

Thai et al. [19] proposed a simple beam theory with
one unknown to study the static response and free vibra-
tion of isotropic nanobeams. Analytical solutions were
derived, and more accurate results than Euler–Bernoulli
were obtained. Results were comparable with Timoshen-
ko's beam theory. Jape and Sayyad [20] applied a hyper-
bolic nonlocal theory for the study of functionally graded
nanobeams under uniform loads. The solutions are derived
in terms of Navier’s approach. Karami et al. [21] imple-
mented the nonlocal strain gradient elasticity theory for
the study of wave dispersion in anisotropic doubly-curved
nanoshells employing a modified HSDT with 7 unknowns.
Arefi and Zenkour [22] evaluated the free vibration analysis
of sandwich nanoplates resting on Visco-Pasternak’s founda-
tion with an elastic nano core and two piezo-electromag-
netic face sheets as sensors and actors. Mematollahi et al.
[23] employed the classic plate theory for analyzing the free
vibration of thin nanoplates involved in a thermal environ-
ment. The governing equations were obtained in terms of a
higher-order nonlocal strain gradient theory and Navier’
closed-form solution was employed. Arefi [24] studied the
nonlocal electro-elastic bending of a doubly curved nano-
shell resting on the Winkler–Pasternak foundation and sub-
jected to transverse loading and voltage. The electric potential
was assumed as a linear and cosine function combination,
and the displacement field was approximated as the first-
order shear deformation theory.

Ansari et al. [25] implement the Donnel shell theory for
evaluating the free vibration of double-walled carbon nano-
tubes using a nonlocal elastic shell model. Van der Waals
interactions between the inner and outer nanotubes were
considered. The numerical solutions were given in terms of
radial interpolation approximation in the framework of the
DQM. Sahmani and Fattahi [26] utilized an HSDT for the
study of the nonlocal nonlinear buckling and postbuckling
response of temperature-dependent functionally graded
carbon nanotube-reinforced composite shells under a
combination of axial compression load and through-thickness
heat conduction. She et al. [27] studied the free vibration of
porous nanotubeswhichwere assumed as functionally graded
and vary continuously along the radial direction. The effects of
nonlocal, strain gradient parameter, temperature varia-
tions, porosity volume fraction, and material variation
were discussed.

Şimşek and Yurtcu [28] examined bending and buckling
of a functionally graded nanobeam based on the Timoshenko
and Euler–Bernoulli beam theory. The effect of nonlocal
parameters, aspect ratio, and material constitution were

discussed. Karami et al. [29] presented a simple model based
on an HSDT for evaluating the static, stability, and free vibra-
tion of functionally graded carbon nanotubes-reinforced com-
posite nanoplates resting on Winkler–Pasternak foundation.
Thai et al. [30] employed the HSDT developed by Touratier
[31] for studying bending, buckling, and free vibration of
simply supported isotropic nanoplates. Ansari et al. [32] incor-
porated the classical Mindlin plate theory for the free vibra-
tion of single-layered graphene sheets. The boundary condi-
tions were considered as simply supported and clamped, and
the semi-analytical DQM was used for calculating the natural
frequencies. The results were matched with molecular
dynamic simulations to derive the approximate values
of nonlocal parameters. Janghorban [33] employed an
HSDT for investigating the characteristics and length
parameters of the bending of functionally graded rectan-
gular plates. Shahrbabaki [34] employed trigonometric
series approximation functions in conjunction with the
Galerkin approach to analyze 3D natural frequencies of
nanoplates with different boundary conditions.

Curved structures are modeled by shell theories which
can be derived in a two-dimensional (2D) and three-dimen-
sional (3D) perspective. The 2D theories are developed in
terms of unknown variables which are related to the mid-
surface of the shell panel and expansion functions toward
the thickness direction of the shell. The 3D solutions [35–42]
can be derived in terms of finite elements which are imple-
mented in commercial software; however, for simple geo-
metries, limited boundary conditions, and orthotropic
laminated structures some semi-analytical and analytical
methods can be formulated. The governing equations for
the 3D bending of shallow shell structures have variable
coefficients which depend on the thickness direction. So,
the solution requires different numerical methods such as
finite difference [43], radial basis functions [44,45], sam-
pling surfaces [46,47], discrete singular convolution [48,49],
and DQM [50]. The last method described was formulated by
Bellman and Casti [51], and several applications can be read
in the review by Bert and Malik [52].

In this article, an available non-local semi-analytical
3D solution for bending of simply supported shallow nano-
shells subjected to mechanical load is presented. The con-
stitutive equations are based on Eringen’s nonlocal theory.
The equilibrium equations written in curvilinear coordi-
nates are employed for the solutions. The system of nine
equations is solved by the use of Navier-type solutions for
stresses and displacements along with DQM for discretizing
the thickness direction in terms of Chebyshev–Gauss–Lobatto
grid distribution. Lagrange polynomials are employed as the
basis function for DQM. The method is validated with other
solutions and cases provided in the literature. Remarkably,
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it is found that the radii of curvature in crucial at the nanos-
cale, so it should be considered in the design of nanodevices.

2 Three-dimensional solution for
nanoshells

An innovative procedure to obtain a semi-analytical three-
dimensional solution for the bending analysis of simply
supported shallow nanoshells subjected to mechanical
pressure is presented in this article for the first time. The
nonlocal effect for stresses is included in the study of the
constitutive equations. The presented model is only valid for
spherical, cylindrical panels, and rectangular plates. A shell
panel is described in terms of orthogonal curvilinear coordi-
nates ( )α β z, , , and the representation for a spherical shell
panel is shown in Figure 1. The length of the shell is denoted
as “a,” and the width is represented as “b,” The radii of curva-
ture “Rα” and “Rβ” are considered as constant among the mid-
surface “Ωk” The global thickness of the shell is denoted as h“ .”

2.1 Linear strains relations, constitutive
equations, and equilibrium equations

The linear strain relations for shallow shell panels were
reported and derived in classical textbooks [53–56], and
they are described in what follows:
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The metric parameters are related to the radii of cur-
vature, and the thickness coordinate of the panel and are
written as

= +

= +

H

z

R

H

z

R

1

1 .

α

α

β

β

(2)

The metric coefficients H“ ”α and H“ ”β establish the type
of geometry to be considered. If one of the radii of curvature

is considered infinite, the structure has a cylindrical geo-
metry. A rectangular plate is prescribed when both radii
of curvatures are infinite. So, these general equations can
be applied to spherical, cylindrical, and rectangular plates
by degenerating the radii of curvature.

The constitutive equations are used for calculating the
stresses, which are related to the linear strain as follows:
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Theparameterμ is considered as ananometric factor, and its
numerical value is considered as ≤ ≤μ0 4 nm

2 [57]. The non-
local stresses are represented as [ ]σ σ σ τ τ τ, , , , ,

αα ββ zz αβ αz βz

NL NL NL NL NL NL .
The Laplacian operator ∇2 is written in terms of the midsur-
face coordinates and is expressed as:

∇ =
∂

∂
+

∂
∂H α H β

1 1

.

α β

2

2

2

2 2

2

2

(4)

The stiffness coefficients Cij can be calculated in the
following manner:
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Figure 1: The representation of a doubly curved shell.

A non-local 3D solution of FGM nanoshells  3



The equilibrium equations are developed in ortho-
gonal curvilinear ( )α β z, , and are valid for doubly curved
shell panels with constant curvature. Several applications
can be found in refs. [58–61]. The equilibrium equations
are reported as follows:

⎟

⎟

⎟

⎜

⎜

⎜

∂
∂

+
∂
∂

+
∂
∂

+
⎛
⎝

+
⎞
⎠

=

∂
∂

+
∂
∂

+
∂
∂

+
⎛
⎝

+
⎞
⎠

=

∂
∂

+
∂
∂

+
∂
∂

− −

+
⎛
⎝

+
⎞
⎠

=

H

σ

α

H

τ

β

H H

τ

z

H

R

H

R

τ

H

τ

α

H

σ

β

H H

τ

z

H

R

H

R

τ

H

τ

α

H

τ

β

H H

σ

z

H

R

σ

H

R

σ

H

R

H

R

σ

2

0

2

0

0.

β

αα

α

αβ

α β

αz β

α

α

β

αz

β

αβ

α

ββ

α β

βz α

β

β

α

βz

β

αz

α

βz

α β

zz β

α

αα

α

β

ββ

β

α

α

β

zz

(6)

The equilibrium equations are derived from the Principle
of Virtual Displacement and the complete derivation can be
seen in ref. [58].

2.2 3D bending solutions of nanoshells

Closed-form summations of trigonometric harmonics are
employed for solving the partial differential equations for
the midsurface coordinates α“ ” and β“ . ” The stresses and
displacements are written in terms of the Fourier series:
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These harmonic summations can only be applied for
shells with constant radii of curvature and for panels
in which edge boundary conditions are considered as
simply supported. The wave numbers are denoted as
r“ ” and s“ .” The amplitudes for stresses are named

( ) ( ) ( ) ( ) ( ) ( )σ z σ z σ z τ z τ z τ z“ , , , , , ”αα ββ zz αz βz αβ and for displa-
cement ( ) ( ) ( )u z v z w z“ , , . " Fourier series are replaced

in the equilibrium and constitute equations, and the
following equations are formed:
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The coefficients of the system of nine differential equa-
tions are considered as variable due to the metric coefficients
and depend on the thickness coordinates. No analytical solu-
tions can be derived because of the thickness dependence
coefficients. So, a semi-analytical solution is reported based
on the so-called DQM. This numerical procedure permits cal-
culation of the derivative of a stress or displacement by a
linear sum of each variable (stress or displacement) evaluated
in a certain grid point distribution. The mathematical expres-
sion for DQM is reported as follows:
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The weighted coefficients are denoted as aij. There are
different manners of calculating aij, and several proce-
dures were reported in the survey by Tornabene et al.
[62]. The basis function employed is the Lagrange interpo-
lation polynomials (LIP) [63] and are reported as follows:
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The principal advantage of LIP is that an arbitrary grid
distribution can be applied. A recursive formula is applied
for the weighted coefficients [63], and its formulation for
the first- and second-order derivative can be expressed as:
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The thickness of the shell panel is discretized in terms
of Chebyshev–Gauss–Lobatto grid distribution:
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The traction conditions of the out-plane stress for the
bottom (b) and top (t) are expressed as:
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It is assumed that the shell panel is subjected to a
transverse load at the top of the panel, and it can be
written in terms of harmonics:
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The coefficient of the mechanical load for a uniformly
distributed load is expressed as:
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The implementation of weighted coefficients, the trac-
tion boundary conditions, and governing equations for
shallow nanoshells subjected to a mechanical load are
developed in MATLAB code.

3 Results

The target of this article is to perform the static analysis of
nanoshells with constant curvature based on Eringen’s
nonlocal theory. The shallow shell panels are subjected
to bisinusoidal and uniformly distributed loads. The first
case problem was reported in the article by Wu and Li
[57], who studied an isotropic nanoplate subjected to a
bisinusoidal load. The second case problem was reported
by Nguyen et al. [64], and it is about functionally graded
nanoplates subjected to uniformly distributed load. The
authors modeled the properties by the Mori and Tanaka
scheme [65]. Overall, these problems can be used for
extending the case to doubly curved panels and cylindrical
panels.

The transverse displacement w and normal nonlocal
stresses σ σ σ, ,

αα ββ zz

NL NL NL are evaluated at ( )a b z/2, /2, . The in-

plane shear stress τ
αβ

NL is calculated at ( )z0,0, . The in-plane

displacement u and shear stress τ
αz

NL are estimated at
( )b z0, /2, . The displacement v and out-of-plane stress τ

βz

NL

are assessed at ( )a z/2,0, .

3.1 Isotropic shells subjected to a
bisinusoidal load

A simply supported isotropic plate is subjected to a bisinu-
soidal load. The plate is considered as a single-layered gra-
phene sheet whose properties are = =E ν1.02 TPa, 0.16

and the thickness of the plate is =h 0.34 nm, the panel
key ratios are length-to-thickness ratio ( )a h/ and length
aspect ratios ( )b a/ . The normalizations of stresses and
displacements are given by the following formula:

( )

( ) ⎜

⎟⎜= ⎛
⎝

− ⎞
⎠

=
⎛

⎝

⎞

⎠
⎟

u w

uEh

Pa

wEh

Pa

σ τ τ

σ h

Pa

τ h

Pa

τ h

Pa

̄ , ̄ ,

100

,

̄ , ̄ , ̄ , ,
αα αβ αz

αα αβ αz

2

3

3

4

NL NL NL

NL 2

2

NL 2

2

NL

(16)

The numerical normalized results for displacements
( )u w̄ , ̄ and nonlocal stresses ( )σ τ τ̄ , ̄ , ̄

αα αβ αz

NL NL NL are presented
in Table 1. In this case, the thickness of the plate is dis-
cretized into =I 9T points. It is demonstrated that the
results were the same as the 3D referential solution pro-
posed by Wu and Li [57] employing the perturbation
method. Then, the problem is extended to spherical and
cylindrical panels by considering the radius-to-size ( )R a/

ratio. A thickness ratio of =a h/ 10 is considered. For a
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Table 1: Results of an isotropic plate subjected to bisinusoidal load

a h/ b a/ Theory ==μ 0 ==μ 0.5 ==μ 1 ==μ 1.5 ==μ 2

10 1 ( )u h̄ /2 [57] 0.0472 0.0874 0.1277 0.168 0.2083
( )u h̄ /2 [Present] 0.0472 0.0874 0.1277 0.168 0.2083
( )w̄ 0 [57] 3.1331 5.8081 8.483 11.158 13.833
( )w̄ 0 [Present] 3.1331 5.8081 8.483 11.158 13.833

( )σ h̄ /2
αα

NL [57] 0.1774 0.3289 0.4804 0.6319 −0.7833

( )σ h̄ /2
αα

NL [Present] 0.1774 0.3289 0.4804 0.6319 0.7833

( )τ h̄ /2
αβ

NL [57] −0.1285 −0.2382 −0.3479 −0.4575 −0.5672

( )τ h̄ /2
αβ

NL [Present] −0.1285 −0.2382 −0.3479 −0.4575 −0.5672

( )τ̄ 0
αz

NL [57] −0.2383 −0.4418 −0.6453 −0.8488 −1.0523

( )τ̄ 0
αz

NL [Present] −0.2383 −0.4418 −0.6453 −0.8488 −1.0523

2 ( )u h̄ /2 [57] 0.1207 0.1851 0.2495 0.314 0.3784
( )u h̄ /2 [Present] 0.1207 0.1851 0.2495 0.314 0.3784
( )w̄ 0 [57] 7.8941 12.1065 16.3189 20.5313 24.7436
( )w̄ 0 [Present] 7.8941 12.1065 16.3189 20.5313 24.7436

( )σ h̄ /2
αα

NL [57] 0.4063 0.6231 0.8398 1.0566 1.2734

( )σ h̄ /2
αα

NL [Present] 0.4063 0.6231 0.8398 1.0566 1.2734

( )τ h̄ /2
αβ

NL [57] −0.1641 −0.2516 −0.3392 −0.4267 −0.5143

( )τ h̄ /2
αβ

NL [Present] −0.1641 −0.2516 −0.3392 −0.4267 −0.5143

( )τ̄ 0
αz

NL [57] −0.3816 −0.5852 −0.7888 −0.9924 −1.196

( )τ̄ 0
αz

NL [Present] −0.3816 −0.5852 −0.7888 −0.9924 −1.196

20 1 ( )u h̄ /2 [57] 0.0471 0.0572 0.0673 0.0773 0.0874
( )u h̄ /2 [Present] 0.0471 0.0572 0.0673 0.0773 0.0874
( )w̄ 0 [57] 3.0341 3.6817 4.3293 4.9769 5.6245
( )w̄ 0 [Present] 3.0341 3.6817 4.3293 4.9769 5.6245

( )σ h̄ /2
αα

NL [57] 0.1766 0.2143 0.252 0.2897 0.3274

( )σ h̄ /2
αα

NL [Present] 0.1766 0.2143 0.252 0.2897 0.3274

( )τ h̄ /2
αβ

NL [57] −0.1279 −0.1552 −0.1825 −0.2098 −0.237

( )τ h̄ /2
αβ

NL [Present] −0.1279 −0.1552 −0.1825 −0.2098 −0.237

( )τ̄ 0
αz

NL [57] −0.2386 −0.2896 −0.3405 −0.3914 −0.4424

( )τ̄ 0
αz

NL [Present] −0.2386 −0.2896 −0.3405 −0.3914 −0.4424

2 ( )u h̄ /2 [57] 0.1207 0.1368 0.1529 0.169 0.1851
( )u h̄ /2 [Present] 0.1207 0.1368 0.1529 0.169 0.1851
( )w̄ 0 [57] 7.7354 8.7674 9.7993 10.8312 11.8631
( )w̄ 0 [Presented] 7.7354 8.7674 9.7993 10.8312 11.8631

( )σ h̄ /2
αα

NL [57] 0.4051 0.4591 0.5131 0.5672 0.6212

( )σ h̄ /2
αα

NL [Present] 0.4051 0.4591 0.5131 0.5672 0.6212

( )τ h̄ /2
αβ

NL [57] −0.1636 −0.1854 −0.2072 −0.229 −0.2509

( )τ h̄ /2
αβ

NL [Present] −0.1636 −0.1854 −0.2072 −0.229 −0.2509

( )τ̄ 0
αz

NL [57] −0.3819 −0.4328 −0.4838 −0.5347 −0.5856

( )τ̄ 0
αz

NL [Present] −0.3819 −0.4328 −0.4838 −0.5347 −0.5856
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cylindrical panel, the radius Rβ is equal to infinite. Figures
2 and 3 show the relationship between normalized defor-
mation ū and non-local parameters for a spherical and
cylindrical panel, respectively. In the case of normalized
deformation of shells, the same relation can be seen in
Figures 4 and 5. The results demonstrated as the nonlocal
parameter increased, the normalized deformation also
increased. On the other hand, as the ratio ( )R a/ decreases,
the normalized deformation also decreases. Interestingly,
it is important to remark that the radii of curvature play a
crucial role at the nanoscale and must be considered in
future research activities for the proper design of
nanodevices.

3.2 Functionally graded plate subjected to
uniformly distributed load

A simply supported plate is subjected to a uniformly dis-
tributed load. The functionally graded mechanical proper-
ties are modeled by the Mori–Tanaka model as follows:

( )

( )

−
−

=
+

−
−

=
+

=
+

+

−
+

−
+

K K

K K

V

V

G G
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V
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G K G

K G

1

1
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6 2
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4 / 3

e m
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c
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1
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m m

c m

m m

c m

m
1

(17)

Figure 2: Normalized displacement ū vs nonlocal factor for an isotropic
spherical shell.

Figure 3: Normalized displacement ū vs nonlocal factor for an isotropic
cylindrical shell.

Figure 4: Normalized displacement w̄ vs nonlocal factor for an isotropic
spherical shell.

Figure 5: Normalized displacement w̄ vs nonlocal factor for an isotropic
cylindrical shell.
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where K andG are defined as the Bulk and shear modulus.
The subscript “m” stands for metallic composition, and “c”
is for the ceramic constitution. The volume fractions are
considered as a function of the thickness direction and are
considered by the following relation:

= ⎛
⎝ + ⎞

⎠ = −V

z

h

V V

1

2

, 1 .

p

c m c

(18)

The exponent of the ceramic volume fraction is given
as “p.” The elastic modulus and Poisson ratio for computing
the stiffness coefficients (Eq. (5)) are calculated as:

( )
=

+
=

−
+

E

KG

K G

ν

K G

K G

9

3

,

3 2

2 3

. (19)

The properties of the metallic constitution are ( =E
m

)[ ]=υ70 GPa, 0.30 Al
m

and for ceramic are ( =E 380 GPa,
c

)[ ]=υ 0.30 Al O
c 2 3

. The geometry of the plate is considered as
= =a b 10nm. The load is considered uniform distributed

(Eq. (15)) and = =r s 31 are considered as the index for the
summation of harmonics. For this numerical example, the
panel is discretized with =I 19

T
. Phung-Van et al. [18] solve

this problem by an HSDT and an isogeometric analysis.
Nguyen et al. [64] employed an HSDT with four unknowns
and isogeometric technique. The normalized transverse
displacement is presented:

( )
( )=

−
w

E h

υ Pa

w a b̄

100

12 1

/2, /2, 0 .

m

m

3

2 4

(20)

Table 2: Results of an isotropic plate subjected to uniform distributed load

p Model ==a h/ 5 ==a h/ 10 ==a h/ 50

==μ 0 ==μ 1 ==μ 4 ==μ 0 ==μ 1 ==μ 4 ==μ 0 ==μ 1 ==μ 4

0 Nguyen et al. [64] 0.0902 0.1059 0.1529 0.0787 0.0928 0.1351 0.075 0.0886 0.1294
Phung-Van et al. [18] 0.0903 0.1060 0.153 0.0787 0.0928 0.1351 0.075 0.0886 0.1294
Present 0.0885 0.1039 0.1502 0.0783 0.0923 0.1344 0.075 0.0886 0.1293

1 Nguyen et al. [64] 0.2254 0.2646 0.3821 0.1977 0.2331 0.3393 0.1888 0.223 0.3256
Phung-Van et al. [18] 0.2254 0.2646 0.3821 0.1977 0.2331 0.3394 0.1888 0.223 0.3256
Present 0.2243 0.2634 0.3806 0.1974 0.2328 0.339 0.1888 0.223 0.3256

2 Nguyen et al. [64] 0.2723 0.3194 0.4606 0.2344 0.2763 0.4021 0.2222 0.2625 0.3834
Phung-Van et al. [18] 0.2721 0.3192 0.4603 0.2344 0.2763 0.4021 0.2222 0.2625 0.3834
Present 0.2714 0.3185 0.4596 0.2343 0.2762 0.4019 0.2222 0.2625 0.3833

5 Nguyen et al. [64] 0.3247 0.3804 0.5477 0.2730 0.3217 0.4678 0.2564 0.3028 0.4422
Phung-Van et al. [18] 0.3246 0.3803 0.5474 0.2729 0.3217 0.4678 0.2564 0.3028 0.4422
Present 0.3227 0.3782 0.5449 0.2726 0.3212 0.4672 0.2564 0.3028 0.4422

10 Nguyen et al. [64] 0.3620 0.4243 0.6109 0.3052 0.3597 0.5231 0.2869 0.339 0.495
Phung-Van et al. [18] 0.3625 0.4247 0.6114 0.3053 0.3598 0.5233 0.2870 0.339 0.495
Present 0.3594 0.4213 0.6071 0.3047 0.3591 0.5223 0.2870 0.339 0.495

Figure 6: Normalized displacement w̄ vs ratio a R/ for a functionally
graded spherical shell.

Figure 7: Normalized displacement w̄ vs nonlocal factor for a functionally
graded spherical shell.
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The numerical results for transverse displacement are
reported in Table 2. It is seen that for thin plates ( )=a h/ 50 ,
the results are in total concordance with the higher order
theories. A slightly numerical difference is evidenced for
thick ( )=a h/ 5 andmoderated thick plates ( )=a h/ 10 between
the presented model and 2D theories. In thick nanoplates, the
capability of the 3D solution is evidenced.

A moderated thick spherical shell ( )=a h/ 10 is consid-
ered for parametric analysis. Figure 6 shows the normal-
ized centered transverse displacement as a function of a R/ ,
considering a nonlocal parameter =μ 1nm

2. It is seen that
as the exponent p“ ” increases, the normalized displace-
ment also increases; as the ratio a R/ increases, the normal-
ized displacement decreases. A nonlinear relationship is
evidenced, and the radii of curvature are crucial at nanos-
cale. Figure 7 shows the relationship between the trans-
verse centered displacement and the nonlocal parameter
μ“ , ” considering a ratio of =R a/ 10. It is demonstrated a
linear correlation for the material exponent parameters
considered. As the nonlocal parameter increases, the dis-
placement increases. This pattern is kept for different
radius-to-length ratios.

Overall, it is important to remark that is extremally
important the influence of the radii of curvature on the
bending response of nanoshells. Suppressively, as far as
the author is concerned, there is no contribution in this
field. Consequently, these problems can be considered as
the referential solution for other numerical models.

Moreover, the present technique could be used to
solve other problems such as clamped nanoplates by the
use of the boundary discontinuous method. Currently, this
method can be extended to more sophisticated structures
such as functionally graded carbon-nanotubes-reinforced
laminated composites [66] or graphene nanoplatelet rein-
forced composites [67]. Additionally, multilayered struc-
tures and complex shell structures can also be faced.

4 Conclusions

A smart semi-analytical solution for the bending of simply
supported spherical, cylindrical, and rectangular nanos-
tructures is presented. The nonlocal scale is considered
by Eringen’s nonlocal theory. The equilibrium equations
are written in terms of curvilinear coordinates. The stresses
and mechanical displacements are expressed in closed-form
summations of harmonic for the midsurface of the plate and
are discretized with the classic Chebyshev–Gauss–Lobatto.
The governing equations are solved semi-analytical by the
DQM, and Lagrange Interpolation polynomials are used as
basis functions. The results are compared with 3D theories

and 2D theories provided in the literature for isotropic and
functionally graded rectangular plates subjected to bisinu-
soidal and uniform distributed load. Since remarkable
results were obtained for plates, the case problems were
extended for cylindrical and spherical panels. Remarkably,
the influence of the radii of curvature on the bending
response of nanoshells is significant, and it should be a
strong topic of research since it is crucial in the design of
nanodevices. Nanoshell problems are solved in a closed
form in this article, so they can be considered benchmark
nanoshell solutions for future works. Finally, the method
can be extended for multilayered shells and for different
functionally reinforced constitutive such as carbon nano-
tubes and graphene nanoplatelets.
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